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Hysteresis at low Reynolds number: Onset of two-dimensional vortex shedding

V. K. Horváth, J. R. Cressman, W. I. Goldburg, and X. L. Wu
Department of Physics and Astronomy, University of Pittsburgh, Pittsburgh, Pennsylvania 15260

~Received 7 October 1999!

Hysteresis has been observed in a study of the transition between laminar flow and vortex shedding in a
quasi-two-dimensional system. The system is a vertical, rapidly flowing soap film which is penetrated by a rod
oriented perpendicular to the film plane. Our experiments show that the transition from laminar flow to a
periodic von Kármán vortex street can be hysteretic, i.e., vortices can survive at velocities lower than the
velocity needed to generate them.

PACS number~s!: 47.27.Gs, 67.40.Vs, 68.15.1e, 92.60.Ek
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Pattern forming fluid flow is often difficult to understan
even at quite modest velocities. A widely studied example
the chain of vortices generated downstream from a
placed in a uniform flow, with the axis of the rod oriente
perpendicular to the flow direction. In a pioneering study
this problem, von Ka´rmán analyzed the stability of this vor
tex street@1#. His starting point was the assumption that t
flow is two-dimensional, i.e., no velocity variations are ge
erated along the rod axis. He was concerned only with
stability of the vortex array and made no attempt to expl
the transition itself. Although researchers have put consid
able effort to better understand this phenomenon, whic
considered to be a precursor to turbulence, a full understa
ing is still lacking @2#.

It is now widely accepted that the transition~primary in-
stability! from laminar flow to vortex shedding is supercrit

cal in nature; on changing the mean flow speedV̄ around the
transition point, vortex shedding appears or disappears
unique velocityVc . Below ~above! Vc the only stable state
of the system is that of the laminar~vortex shedding! flow.

In an important wind tunnel experiment on vortex she
ding, Provansalet al. @3# showed that the primary instabilit
occurs at a critical Reynolds number Rec.46. The vortex
shedding disappeared at the same velocity at which the o
occurred, i.e., hysteresis was absent. These measuremen
well described by the Landau-Stuart theory for supercriti
transitions. Sreenivasanet al. @4# observed that an acoust
disturbance or a vibration of the rod itself could activate
vortex street when Re was less than Rec but greater than
some minimum value Remin.Rec/2. Their experiment
showed that the general behavior of the system was pos
independent. The Landau-Stuart theory was adequate to
plain their experimental findings, too. Couder and Basdev
@5# and Gharib and Derango@6# were among the first to stud
vortex shedding behind a cylinder in soap films. In partic
lar, Gharib and his associates carried out systematic inv

gations of the vortex shedding frequencyf as a function ofV̄
in a horizontally flowing film@6#.

In this Rapid Communication we present measureme
demonstrating that the primary instability can be hystere
This finding is also in contrast with numerical results@7#.
Although hysteretic transitions are well known in fluid d
namics@8#, we know of no published laboratory experimen
PRE 611063-651X/2000/61~5!/4702~4!/$15.00
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or computer simulations, which suggest that the onset of v
tex shedding from a rigid rod is a hysteretic phenomenon

Our experimental setup consists of a rapidly flowing so
film formed between two vertically positioned 0.25 mm d
ameter nylon lines separated by 6 cm~see Fig. 1!. The lines
are parallel along a 45 cm vertical segment. They are joi
at both ends of the segment. The film is fed continuou
from the top through a high precision metering valve. T
valve was opened and closed at different rates by a m
connected to it, thus the accelerationdV̄/dt was under ex-
perimental control. The film is a mixture of soap~Dawn! and
distilled water with a typical soap concentration of 1 wt %

Using an infrared absorption technique, the soap fi
thickness profiles parallel and perpendicular toV̄ were mea-
sured. In the absence of the rod, the horizontal film thickn
was essentially flat with less than 5% variations, wher
there was systematic thinning along the vertical directi
Due to a small acceleration of the film, the latter amounts
a 1% change in the thickness over a distance between
two LDV probes. The average thickness, which was found
be several microns, does not change over the range oV̄
spanned by our experiments.

The velocity measurements were made using a dual h
laser Doppler velocimeter~LDV !. At the center of the paral-
lel segment of the soap film, a glass rod of diameterd
51 mm penetrates the film in thez direction. The velocities
V̄ and the fluctuating horizontal componentVx(t) were mea-

FIG. 1. Schematic of the experimental setup. The diamete
the rod is 1 mm.
R4702 ©2000 The American Physical Society
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sured at points 5 cm above and 5 cm below the rod, res
tively.

At a certain critical flow rate there is a transition from th
laminar flow ~LF! state to the vortex shedding~VS! state.
Slightly below this critical velocity, the flow is characterize
by two counter-rotating vortices underneath the rod@see Fig.
2~a!#. In the VS state these recirculating vortices peel off
rod and flow downstream. The continuously genera
counter-rotating vortices form a vortex street@see Fig. 2~b!#,
as described by von Ka´rmán @1#.

All measurements were made near the transition. The
periments start with a value ofV̄ corresponding to the LF
regime. The valve is then opened to slowly increaseV̄. The
critical velocity where VS commences is calledVc

up . After
some waiting time the valve is slowly closed. As a res
V̄(t) decreases, and atV̄(t)5Vc

down the system undergoes
transition from VS into LF. This cycle was repeated seve
times in each run. To find the transition from LF to V
Vx(t) was recorded together withV̄. In theoryVx(t) is con-
stant in the laminar state and equal to zero directly below
center of the rod. In the VS regimeVx(t) is expected to
display periodic behavior.

In order to determine the transition velocity accurately
have calculated the velocity probability distribution functio
P(Vx). For this purpose the total recording time was se
mented into intervalsDt.200 ms. ThenP(Vx) was calcu-
lated within each interval. The intervalsDt were much
smaller than the characteristic changing time ofV̄(t) but
large enough to include a statistically significant number
data points and many periods of oscillation in the VS state
typical result is shown in Fig. 3. Here the magnitude
P(Vx ,t) is mapped into gray scale values and shown a
function of Vx and t. It can be seen that sharp changes
P(Vx ,t) precisely indicate the transition between the LF a

FIG. 2. Interference pictures of the flowing soap film below t
rod in ~a! the laminar state and~b! the vortex shedding state. It wa
shown previously that the thickness of the film is correlated w
the film velocity @10#.
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VS regimes. In the LF regime,P is sharply peaked atVx
50, but in the VS regimeP has a broad distribution, as fo
a ~noisy! sine wave. These measurements provide a powe
way to accurately determine the timestd* and tu* of LF
→VS and VS→LF transitions@9#.

The hysteresis is apparent in Fig. 3, whereV̄(t) and
P(Vx ,t) are displayed together. By determining the value
V̄(t) at the transition timestu* and td* one finds thatVc

up

5V̄(tu* ) is not equal toVc
down5V̄(td* ); that is, there is no

unique critical velocity for the transition. In this analysis w
have incorporated the fact thatV̄ is noisy at the level of
64%. Therefore, to determineVc

down ~andVc
up) we always

used the lowest~and highest! values of~the fluctuating! V̄ at
the transition.

The critical velocities were measured in 20 experimen
runs. The ensemble average of the different experime
runs provide^Vc

down&50.4260.02 m/s. The relative differ-
ence (̂ Vc

up&2^Vc
down&)/^Vc

down& is approximately 14%. The
Reynolds number—which is defined as Re5Vd/n—is
roughly 50 in the hysteretic gap. A large uncertainty of th
value comes from the poorly determined two-dimensio
soap film viscosityn, which depends on the film thicknes
@10#.

Next, we demonstrate that the observed hysteresis isnot a
result of some delay in the response of the system to
bifurcation, as it would be the case for dynamical hystere
@11,12#. We set the mean flow rate constant in the inter
@Vc

down, Vc
up]. In this case the laminar state can persist for

indefinite length of time. However, applying sufficient
large acoustic or pulselike mechanical perturbations, the
tem could be driven into the VS state. The system remain
this state even if the perturbation is turned off. Applyin
similar perturbations, the VS→LF transition was never ob
served at constantV̄. As a result we can conclude that w
observed static hysteresis, i.e., its existence is independe
the rate of change ofV̄.

At the transition, a certain time interval is required for th
new steady state to establish itself as it is seen in the c
vicinity of tu* in Fig. 3. The overall time of the transien

remains finite even ifV̄ is changed very slowly. This would
not be true for continuous transitions@13#. Careful examina-

FIG. 3. Here the functionV̄(t) is shown together with the

P(vx ,t) map atudV̄/dtu50.004 m/s2. The gray scale correspond
to the probability density ofvx . The solid and dashed lines ar
intended to guide the eye for the transitions VS→LF and
LF→VS.
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tion of P(Vx ,t) shows that the most probableVx grows ex-
ponentially at the transition points. Using exponential cu
fitting one finds thattgrowth.1.3260.05 s. Thus it was nec
essary to varyV̄ slowly enough, that this finite transit tim
did not interfere with our identification ofVc

up andVc
down.

Because hysteresis is not seen at the onset of vortex s
ding in 3D systems, we have looked for possible side effe
that might be responsible for our unexpected finding. It
known that oscillations of the rod can induce hysteresis@8#.
Our rod is rigidly supported, so its vibration can only b
induced by the fluid itself@14#. Since the film is only a few
microns thick, it carries insufficient momentum flux to d
flect our 1 mm diameter glass rod more than a nanome
The possible motion of the vertical fishing lines which su
port the film was also considered. Taking into account
geometry of our experimental setup, we estimate that t
deflection, produced by the passage of an eddy, is no m
than a micron. Auxiliary experiments were also performed
exclude wetting properties and the effect of the air bound
near the film as possible sources of hysteresis@15#.

Our experiments establish that the transition to vor
shedding can be subcritical. In the absence of any avail
theory, we consider a generic model based on an ampli
equation@16,17#, namely, a fifth order Landau equation@13#

for the complex velocityṽ5vx1 ivy

dṽ~ t !/dt5ãṽ12b̃v2ṽ2 c̃v4ṽ, ~1!

where all variables indicated with tilde are complex andv i
5Vi2^Vi& t ( i 5x or y). The complex velocity can be writ
ten asṽ5veif, wheref is the phase factor andv is the
amplitude. In this case the evolution ofv is governed by the
real part of Eq.~1!,

dv/dt5v~ar12brv
22crv

4!, ~2!

where the subscriptr is used to designate the real part
complex numbers andar is considered to be proportional t
(V̄2Vc

up). In the experimentsar is adjusted by varyingV̄
@18#.

In the following we consider the stationary solutions
Eq. ~2!. The laminar solution isvLF50. Note that at the

FIG. 4. Bifurcation diagram of Eq.~2!. The turning point of the
nontrivial solution is indicated byA. The solid and dashed line
designate the stable and unstable solutions respectively.
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position whereVx is measured,̂Vx& t50. Therefore,vx(t)
5Vx(t) for that particular point. The time-dependent sol
tion is described by

vVS
6 25

br

cr
~16A11arcr /br

2!. ~3!

It suffices to retain only the positive values of Eq.~3!. Since
the minus sign in this equation corresponds to an unsta
state, the observable vortex shedding is represented byvVS

1 .
After some elementary algebra one can draw the stab

~or bifurcation! diagram of this model~see Fig. 4, where
only the positive solutions are shown!. The solutionvLF is
stable only ifar is smaller than a critical value (ar)c

up50
~see regimes I and II!. The solutionsvVS

6 exist only for ar

>(ar)c
down, where (ar)c

down52br
2/cr .

If ar,(ar)c
down, then the system is in the LF state. O

increasingar , the system enters into the hysteretic regim
~II !, where the system can stay in the LF state as long as
amplitude of the fluctuations does not exceed the value
vVS

2 . If ar.(ar)c
up then the LF state becomes unstable; ev

infinitesimally small noise will force the system to switc
from vLF to vVS

1 . In regime II, finite perturbations with am
plitude larger thanvVS

2 force the system to switch to the V
state. Such a switch is clearly inconsistent with a superc
cal bifurcation, for which the saturation amplitude contin
ously changes with the control parameter. The everywh
stable solutionvVS

1 does not exist below (ar)c
down. There-

fore, the system must return from the VS state to the LF s
at ar5(ar)c

down even when noise is absent. In this sense
VS→LF transition is more robust than its inverse.

Our observations are consistent with all the above
scribed features of the model. However, the application
this model for data fitting purposes is not obvious, since
relationship between the parametersar ,br ,cr and the control
parameter of the experiment is unknown.

We use the above model and choosear to be ar5a1e,
wheree5(V̄2Vc

up)/Vc
up . Other parameters are kept as fi

ting constants. In this case the relevant fitting parameters

FIG. 5. Main figure shows our experimental data together w
three different fits using Eq.~3!. The circles and squares represe
two different data sets. Closed and opened symbols are use

data taken at increasing and decreasingV̄ respectively. The solid
and dashed lines have the same meaning as in Fig. 4. The
shows our best parametric fit to the data~see text!.
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a1 /cr , br /cr , andVc
up . Figure 5 shows the results of our fi

together with the same experimental data set presente

Fig. 3. Shown here is theV̄-dependence of the values ofvx

for which P(vx) is maximum. This figure demonstrates bo
the sharpness of the VS→LF transition and the breadth o
the LF→VS transition in our experiment. Open symbo

show the measurements with decreasingV̄ and closed sym-
bols refer to measurements made in the opposite directi

The dotted line in Fig. 5 is the best fit to the data withVc

fixed at a value of 0.504 m/s, which is the largest me
velocity where the laminar state was still observed. This
seriously underestimates the width of the observed hyste
gap. The dashed line is the best fit with a different constra
it was required that the fit must terminate exactly at the lo
est velocity for which the VS state exists. In this case the p
of the curve which represents the unstable trajectory, ter
nates on the laminar branch in the middle of the hyster

loop, predicting that LF state should not exist aboveV̄
50.45 m/s. The solid line designates a fit where both of
above constraints are imposed.

Although the generic model of the hysteresis is in f
agreement with our observations, none of the above fits
very satisfactory. It is interesting to note that a simple thr

parameter phenomenological equationP0(V̄2Vc)12P1v
2P2v250 provides a surprisingly good fit to our data in th
VS state. Using least square fitting to the solution of t
equation provides the following result: vx50.04
d
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6AV̄/39.0620.0113, where the velocities are in units
m/s.

In summary, we have observed hysteresis at the onse
the von Kármán vortex street in a quasi-two-dimension
film. In view of prior studies of vortex shedding this result
surprising. Although the origin of the hysteresis is still n
clear, we can exclude mechanical vibrations, wetting prop
ties of the rod, and the air boundary layer as possi
sources. Our preliminary experiments suggest that the ef
may be connected with the fact that~a! the film is very thin
in the recirculation region just before vortex shedding sta
and ~b! the kinematic viscosity of the film depends on i
thickness@10,19,20#. The fifth-order amplitude equation is i
qualitative agreement with our observations, but a sim
phenomenological equation provides a better numerical fi
the experimental data in the VS regime. Theoretical exp
nation of our experimental findings as well as the full d
scription of the vortex shedding continues to offer a gr
challenge for the future.
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